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We consider the problem of certifying binary observables based on a Bell inequality violation
alone, a task known as self-testing of measurements. We introduce a family of commutation-based
measures, which encode all the distinct arrangements of two projective observables on a qubit.
These quantities by construction take into account the usual limitations of self-testing and since
they are “weighted” by the (reduced) state, they automatically deal with rank-deficient reduced
density matrices. We show that these measures can be estimated from the observed Bell violation
in several scenarios and the proofs rely only on standard linear algebra. The trade-offs turn out
to be tight and, in particular, they give non-trivial statements for arbitrarily small violations. On
the other extreme, observing the maximal violation allows us to deduce precisely the form of the
observables, which immediately leads to a complete rigidity statement. In particular, we show that
for all n ≥ 3 the n-partite Mermin-Ardehali-Belinskii-Klyshko inequality self-tests the n-partite
Greenberger-Horne-Zeilinger state and maximally incompatible qubit measurements on every party.
Our results imply that any pair of projective observables on a qubit can be certified in a truly robust
manner. Finally, we show that commutation-based measures give a convenient way of expressing
relations among more than two observables.
I. INTRODUCTION
The fact that quantum mechanics is incompatible with
the concept of local realism [Bel64] is arguably one of
the most surprising features of the quantum world. It
should therefore come as no surprise that Bell nonlocal-
ity is an attractive field of research for both theoreti-
cians (see Ref. [BCP+14] for a review) and experimental-
ists (see e.g. the recent loophole-free Bell tests [HBD+15,
GVW+15, SMSC+15, HKB+16]). An important prac-
tical application of Bell nonlocality is device-independent
quantum cryptography, whose goal is to prove the security
of protocols executed using potentially untrusted devices
(see Refs. [BLM+05, AGM06, Col06, ABG+07, CK11]
for the early contributions and Ref. [ER14] for a rela-
tively up-to-date review). What makes this task pos-
sible is the fact that observing nonlocal correlations
allows us to draw conclusions about the inner work-
ings of the untrusted devices. In fact, certain extremal
quantum correlations identify exactly the quantum sys-
tem under consideration (up to well-understood equiv-
alences). For example the only manner to achieve the
maximal violation of the Clauser-Horne-Shimony-Holt
(CHSH) [CHSH69] inequality is to perform anticommut-
ing measurements on the maximally entangled state of
two qubits [SW87, Tsi93, PR92]. Therefore, not only can
we use a Bell test to reject local realism, but if we assume
that quantum mechanics provides the correct description
of our system, we can essentially identify what it is. May-
ers and Yao realised that this allows us to certify quan-
tum devices under minimal assumptions and they also
coined the term self-testing [MY98, MY04]. The gen-
eral question is simple: “We have conducted a Bell test
and observed certain nonlocal correlations. What can we
rigorously deduce about the state shared between the de-
vices and the measurements performed?”.
The first self-testing results only applied in the case of
observing the ideal statistics. While interesting from the
foundational point of view, this is not sufficient for practi-
cal applications, because in a real-world experiment one
never observes ideal statistics for at least two reasons:
(i) no physical system can be perfectly calibrated and
shielded from external noise and (ii) one can only per-
form a finite number of test runs, so we can only hope
to estimate the actual probabilities. In order to make
statements relevant for experiments we must make them
robust, i.e. we have to show that if the observed statis-
tics are close to the ideal ones, then the quantum device
should be close (in some well-defined sense) to the perfect
realisation. To simplify the problem, instead of looking
at the entire probability distribution, we often only look
at the violation of some fixed Bell inequality. A Bell in-
equality is given by a vector of real coefficients cabxy ∈ R
and the observed Bell value β is calculated as
β :=
∑
abxy
cabxy Pr[a, b|x, y], (1)
where Pr[a, b|x, y] is the probability of observing outputs
a, b given inputs x, y. Let βL and βQ be the largest
values achievable by local-realistic theories and quantum
mechanics, respectively, and suppose that βL < βQ. A
necessary condition to make a self-testing statement is
to observe some violation (β > βL) and a self-testing re-
sult is called robust if we can make conclusions even if
the violation is not maximal (β < βQ). It is important
to distinguish self-testing results which only apply if the
violation is close to maximal from those that cover a size-
able portion of the interval [βL, βQ]. The two types can
be easily distinguished by writing the observed violation
β as a convex combination of βL and βQ
β = cβL + (1 − c)βQ
and estimating the largest value of c for which we can
still make a non-trivial self-testing statement, which we
denote c∗. For all the self-testing results we are aware of
we have either c∗ ≤ 10−4 or c∗ ≥ 10−1. Results of the
first kind aim to self-test high-dimensional quantum sys-
tems and often have complexity-theoretic implications.
Results of the second kind, on the other hand, usually
consider simple (low-dimensional) quantum systems and
their goal is to derive statements which can be applied to
real-world experiments, i.e. they might actually be use-
ful in designing robust and efficient testing procedures
for real devices. Deriving such experimentally-relevant
self-testing statements is precisely the focus of this work.
The main challenge in deriving robust self-testing
statements lies in finding a natural mathematical formu-
lation of the problem. Since our goal is to make state-
ments even for statistics significantly differing from the
ideal setup, we cannot aim for a complete description. We
should instead pin down the relevant property and certify
precisely that property. This is how our approach differs
from the standard formulation, in which one attempts to
certify closeness (in trace distance) to the perfect realisa-
tion.
The primary goal of this work is to certify two-outcome
(binary) projective measurements.1 We propose a novel
formulation based on commutation, which recovers sev-
eral previous results as extreme cases. Commutation-
based measures are easily computable, have a simple
physical interpretation and demonstrate that all pairs of
projective observables on a qubit can be certified in a
truly robust fashion. Although, as is common in self-
testing and quantum cryptography, we assume that the
systems under study are finite-dimensional, as outlined
in Appendix A the results hold essentially unchanged in
the infinite-dimensional case.
While self-testing of quantum states has received sig-
nificant attention in the regime of small [Slo11, MYS12,
YN13, McK14, BP15, McK16a, ŠASA16, OV16, Col17,
CN16, McK16b, CRSV16, NV16, CGS17, CRSV17] and
experimentally-relevant [BLM+09, YVB+14, WCY+14,
PVN14, BNS+15, WBMS16, Kan16] robustness, self-
testing of measurements is a significantly less studied
topic. Although most results in the small robustness
regime come as complete rigidity statements (i.e. they
also characterise the optimal measurements), there are
only two results exhibiting experimentally-relevant ro-
bustness. Bancal et al. used semidefinite programming
to study complementarity of observables in the CHSH
case [BNS+15], which is a valuable contribution and we
see our approach as a refined formulation of the prob-
lem which allows for a simple analytic treatment. The
second relevant result relates a particular measure of in-
compatibility between measurements to the observed Bell
violation [CS16, CBLC16]. This is, however, slightly un-
satisfactory, because the quantity considered is a generic
measure of incompatibility and cannot be interpreted as
a distance to some well-defined ideal arrangement of ob-
servables.
II. SELF-TESTING OF OBSERVABLES BASED
ON COMMUTATION
The first manner in which we depart from the usual
formulation of the self-testing problem, is that we certify
1 Since any non-projective measurement can be simulated by a
projective measurement on a larger Hilbert space, one can never
certify “non-projectiveness” of a measurement (unless one im-
poses an additional dimension bound). This is similar to the
well-known fact that mixed states cannot be self-tested.
observables of one party at a time, i.e. we have a separate
statement for each party, which depends only on the local
observables and the reduced state. This is in line with the
idea of focusing on a single property (the incompatibil-
ity of the observables of Alice), instead of certifying the
whole setup (the observables of Alice, the observables of
Bob and the shared state) at the same time.
To clarify what kind of statements we can hope for,
it is instructive to understand the inherent limitations of
self-testing. The two inherent limitations of self-testing
(i.e. properties that cannot be deduced from the outcome
statistics) are: the presence of auxiliary degrees of free-
dom (i.e. degrees of freedom upon which all measurement
operators act trivially) and the application of local uni-
taries. It is clear that these two equivalences do not affect
commutation relations between observables. We might
therefore conclude that what we should be certifying is
precisely the commutation structure between the observ-
ables. This is, however, not quite correct as we can only
make statements about the observables on the support of
the (reduced) state. Therefore, instead of making state-
ments about the observables, we consider scalar quanti-
ties of the form t := tr(TρA), where ρA is the reduced
state of the subsystem to be measured and T is a Her-
mitian operator constructed from the observables (whose
exact definition depends on the commutation structure
we wish to certify).
An appealing feature of these measures is the fact that
the maximal value of t is achieved by essentially just one
arrangement of observables, i.e. in the extreme case we
can determine the exact form of the observables on the
support of the state (up to the aforementioned equiva-
lences). We stress that whenever we make a statement
directly about the operators, we implicitly assume that
the reduced state is full-rank.
Effective (i.e. state-dependent) commutation relations
are important because they lead to well-understood
uncertainty relations [TH13, KTW14]. Such device-
independent uncertainty relations, which certify uncer-
tainty given only limited knowledge about the device,
are fundamental as they pin down the exact source
of uncertainty in quantum mechanics. Moreover, they
have already been used to prove the security of device-
independent quantum key distribution [LPT+13] and
two-party cryptography [KW16, RTK+16, RMW16].
A. Methods
A binary observable is a Hermitian operator A satisfy-
ing −1 ≤ A ≤ 1 (or equivalently A2 ≤ 1). An observable
is projective if A2 = 1, but we do not a priori assume
this. Since our goal is to identify all the quantum reali-
sations consistent with particular outcome statistics, the
projectiveness of the observables and the purity of the
state are rigorously deduced rather than assumed.2
It is well known that in the case of binary observables
commutators and anticommutators of observables appear
2 In fact, we can only draw conclusions about the purity of the part
of the state upon which the measurements acts non-trivially.
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in the square of the Bell operator. The Bell operator W
corresponding to inequality (1) is defined as
W =
∑
abxy
cabxyP
x
a ⊗Qyb ,
where {P xa }a is Alice’s measurement corresponding to
setting x and {Qyb}b is Bob’s measurement corresponding
to setting y. It is immediate that the Bell value β can be
computed as β = tr(WρAB). Recall that the Cauchy-
Schwarz inequality for operators reads | tr(X†Y )|2 ≤
tr(X†X) · tr(Y †Y ). Setting X† = W√ρAB and Y =√
ρAB immediately gives
β2 = [tr(WρAB)]
2 ≤ tr(W 2ρAB) · tr ρAB = tr(W 2ρAB).
Therefore, proving an operator inequality
W 2 ≤ g(A0, A1)⊗ 1, (2)
where A0 and A1 are the observables of Alice and g is
a function which outputs a Hermitian operator, immedi-
ately implies
β ≤
√
tr
(
g(A0, A1)ρA
)
.
If the right-hand side provides a useful characterisation
of the observables of Alice, this constitutes a self-testing
statement. Let us stress that for projective observ-
ables W 2 can often be written explicitly as a function
of their commutators and anticommutators, which pro-
vides helpful intuition on the possible form of the func-
tion g(A0, A1). In the remainder of this paper we apply
this idea to specific Bell scenarios.
B. Certifying anticommuting observables
In the CHSH scenario Alice and Bob measure one of
two binary observables denoted Aj and Bk for j, k ∈
{0, 1}. The CHSH operator is defined as
W := (A0 +A1)⊗B0 + (A0 −A1)⊗B1
for which βL = 2 and βQ = 2
√
2. In Appendix A we
prove that
W 2 ≤ 4 · 1⊗ 1− [A0, A1]⊗ [B0, B1]
and by noting that |[B0, B1]| ≤ 2 · 1 we obtain
W 2 ≤ 4 · 1⊗ 1 + 2 |[A0, A1]| ⊗ 1.
From the argument outlined above we deduce that
β ≤ 2√1 + t, (3)
where t := 12 tr
(|[A0, A1]|ρA) ∈ [0, 1] is the effective com-
mutator. This scalar quantity is invariant under local
unitaries and adding extra degrees of freedom, it avoids
making any statement about the observables outside the
support of ρA and is easily computable. The physical
interpretation is clear: t measures the incompatibility
of Alice’s observables “weighted” by the reduced state
ρA. The matrix modulus, which arises in the derivation,
avoids cancellations, e.g. t = 0 implies that the observ-
ables commute on the support of ρA, which prevents us
from observing any violation. At the other extreme, the
maximal value t = 1 implies the existence of a unitary
UA (see Proposition A.3 in Appendix A) such that
A0 = UA(σx ⊗ 1)U †A and A1 = UA(σy ⊗ 1)U †A (4)
(recall the assumption that ρA is full-rank). This shows
that t is a useful measure of how close Alice’s observ-
ables are to a pair of anticommuting observables on a
qubit. Inequality (3) is interesting for several reasons:
it gives a non-trivial statement as soon as β > 2, it
is tight (see Proposition A.4 in Appendix A) and ob-
serving the maximal violation β = 2
√
2 implies t = 1,
which allows us to deduce the exact form of the ob-
servables. Note that a similar approach has been previ-
ously used to analyse a semi-device-independent prepare-
and-measure scenario where the transmitted system is a
qubit [WLP13, Woo14].
Although our primary goal is to certify observables,
in the case of perfect statistics this argument leads to a
complete rigidity statement. If β = 2
√
2, then by sym-
metry the observables of Bob satisfy a relation analogous
to eq. (4) for some other unitary UB and, therefore, W
up to the unitary U := UA ⊗ UB is simply a two-qubit
operator tensored with identities. The structure of this
two-qubit operator is well known and, in particular, the
largest eigenvalue is non-degenerate. The corresponding
eigenstate is maximally entangled and we denote its den-
sity matrix Φ. It is now clear that any state satisfying
tr(WρAB) = 2
√
2 must be of the form
ρAB = U(ΦAB ⊗ σA′B′)U †,
where σA′B′ is an arbitrary state on the extra degrees of
freedom. It is not hard to see that this rigidity argument
is in spirit quite close to the original approach of Popescu
and Rohrlich [PR92].
C. Certifying anticommuting observables in the
multipartite case
This approach can be generalised to the multipartite
setting. We consider an n-partite (n ≥ 2) scenario in
which every party has two binary observables and we
denote the observables of the k-th party Ak0 and A
k
1 .
The Bell operatorWn for the Mermin-Ardehali-Belinskii-
Klyshko (MABK) [Mer90, Ard92, BK93] family is defined
recursively:
Wn :=
1
2
Wn−1⊗
(
An0 +A
n
1
)
+
1
2
W ′n−1⊗
(
An0 −An1
)
, (5)
where W1 = A10 and the primed operators are obtained
by swapping Aj0 ↔ Aj1 for all j [BK93]. It is easy to
check that up to normalisationW2 andW3 correspond to
the CHSH and Mermin operators, respectively. In Ap-
pendix B we show that
W 2n ≤
∑
x∈Sen
n⊗
j=1
( |[Aj0, Aj1]|
2
)xj
, (6)
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where Sen is the set of n-bit strings of even parity, xj is
the j-th bit of x and we use the convention X1 := X ,
X0 := 1. This operator inequality captures the relation
between the Bell violation and the local incompatibility
of observables, e.g. forcing all the observables to com-
mute ([Aj0, A
j
1] = 0 for all j) recovers the local-realistic
bound βLn = 1 (W
2
n ≤ 1), while the trivial upper bound
|[Aj0, Aj1]| ≤ 2·1 correctly identifies the maximal quantum
violation βQn =
√
2n−1 (W 2n ≤ 2n−1 · 1). To certify the
observables of the k-th party, we place the trivial upper
bound on all the other commutators to obtain
W 2n ≤ 2n−2 1⊗
(
1 +
1
2
|[Ak0 , Ak1 |
)
.
This implies that
βn ≤
√
2n−2 · √1 + tk,
where tk is the effective commutator of the k-th party.
Just like in the CHSH case this trade-off is tight (see
Proposition B.2 in Appendix B) and, in particular, the
upper bound corresponding to tk = 0 correctly identi-
fies the largest violation achievable if one of the parties
acts classically. In order to achieve the optimal viola-
tion βn = βQn , we require tj = 1 for all j, which implies
that the observables of each party take the form given by
eq. (4). Through an argument analogous to the CHSH
case we identify the subspace corresponding to the maxi-
mal violation and conclude that the state must be of the
form
ρQR = UQR(ΓQ1···Qn ⊗ σR1···Rn)U †QR,
where QkRk denotes the Hilbert space of the k-th party,
UQR =
⊗n
j=1 U
j
QjRj
is a product unitary, Γ is a n-partite
Greenberger-Horne-Zeilinger (GHZ) [GHZ89] state and
σR1···Rn is an arbitrary state on the additional degrees
of freedom. To the best of our knowledge this complete
rigidity statement for the entire family of MABK inequal-
ities constitutes a new result.3
D. Certifying non-maximally incompatible
observables
In the previous cases the optimal observables on ev-
ery party correspond to anticommuting observables on a
qubit. Here, we show that an arbitrary pair of qubit ob-
servables, not necessarily maximally incompatible, is ex-
actly characterised through their commutation relation.
For α ≥ 1 we consider the generalisation of the CHSH
inequality:
Wα := α(A0 +A1)⊗B0 + (A0 −A1)⊗B1
introduced by Lawson, Linden and Popescu [LLP10] and
later used to investigate the relation between nonlocal-
ity and randomness [AMP12]. The local-realistic and
3 The case of n = 3 was fully analysed by Colbeck [Col06] and later
Miller and Shi [MS13], while robust state certification for n = 3
and n = 4 was shown numerically by Pál et al. [PVN14].
quantum bounds for this inequality equal βLα = 2α and
βQα = 2
√
α2 + 1 (hence βLα < β
Q
α for all α ≥ 1) and the
maximal violation is achieved by measuring a maximally
entangled two-qubit state, but the optimal observables
of Alice are no longer maximally incompatible. In Ap-
pendix A we show that
W 2α ≤ 2(α2 + 1) · 1⊗ 1 + Tα ⊗ 1
for
Tα := (α
2 − 1){A0, A1}+ 2α|[A0, A1]|.
Defining tα := 14 tr(TαρA)− 12 (α2−1), which recovers the
effective commutator for α = 1, allows us to write
βα ≤ 2
√
α2 + tα.
If the observables of Alice commute, we have tα ≤ 0,
which immediately recovers the classical bound. On the
other hand, observing the maximal violation βα = βQα
implies that tα = 1 and that there exists a unitary UA
(see Proposition A.3 in Appendix A) such that
A0 = UA(σx ⊗ 1)U †A,
A1 = UA
(
[cos θα σx + sin θα σy ]⊗ 1
)
U †A
for θα := arccos
(
α2−1
α2+1
) ∈ (0, pi/2]. This characterises
the exact commutation structure between the observables
and by considering α ∈ [1,∞) we can certify any angle
between two projective observables on a qubit (angles
larger than pi/2 correspond to simply relabelling the out-
comes of one of the observables). The maximal violation
is only possible if the observables of Bob anticommute,
which leads directly to a rigidity statement for the gener-
alised CHSH inequality. It is worth pointing out that the
statistics that maximally violate this inequality belong to
the family of self-tests recently derived by Wang, Wu and
Scarani [WWS16].
E. Certifying multiple anticommuting observables
We conclude by showing that commutation-based mea-
sures are useful also in multiobservable scenarios. The
simplest arrangement of three binary observables is ar-
guably given by the three Pauli matrices: (σx, σy, σz).
However, as observed by McKague and Mosca such an ar-
rangement cannot be distinguished from (σx,−σy, σz) in
a device-independent fashion [MM11]. Up to this equiv-
alence they showed that the relation among the three
observables can be deduced from the pairwise relations
between (σx, σy), (σx, σz) and (σy , σz). More specifically,
if every pair satisfies the Mayers-Yao self-testing criterion,
then there exists a unitary UA and a projective observable
Υ (i.e. Υ2 = 1) such that
A0 = UA(σx ⊗ 1)U †A,
A1 = UA(σy ⊗ 1)U †A, (7)
A2 = UA(σz ⊗Υ)U †A.
What is slightly unsatisfactory about this statement, is
the inequivalent treatment of the three observables: the
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additional observable Υ appears only in the equation for
A2.4 On the other hand, we set out to certify three equiv-
alent observables and the testing procedure treated all of
them on equal footing. This aesthetic problem can be
avoided if one uses a commutation-based approach. To
self-test n anticommuting observables we use an exten-
sion of the CHSH game introduced by Slofstra [Slo11]
and observing the maximal violation implies that
tr
(|[Aj , Ak]|ρA) = 2 (8)
for all j 6= k. In Appendix C we show that for three ob-
servables, these pairwise conditions recover precisely the
statement of McKague and Mosca, i.e. they constitute a
compact and symmetric formulation of relation (7). The
argument can be easily extended to an arbitrary number
of observables: for even n we derive the exact form of
the observables (which coincides with the standard con-
struction for multiple anticommuting observables), while
for odd n we specify the form up to a single projective
observable (which plays the same role as Υ for n = 3).
III. CONCLUSIONS
In this paper we have proposed a novel commutation-
based formulation to quantify relations between bi-
nary observables and derived nonlocality-incompatibility
trade-offs by simple algebraic manipulations of the Bell
operator. Our measures are mathematically convenient,
easily computable and come with a natural measure of
closeness and automatically deal with the case of rank-
deficient reduced states. All the trade-offs derived in
this paper are tight and the incompatibility measures are
strict enough to recover the exact form of the optimal
observables, but at the same time they yield non-trivial
statements for arbitrary small violations. Since observ-
ing the maximal violation allows us to deduce precisely
the form of the observables (on the support of the state),
we immediately obtain complete rigidity statements. We
have shown that any arrangement of two projective ob-
servables on a qubit is uniquely characterised by an easily
computable commutation-based quantity and that these
quantities are also useful in expressing relations among
more than two observables.
In this work we have considered Bell inequalities which
are maximally violated by projective measurements on
qubits. A natural extension of this work would be to
consider inequalities with binary outcomes which can-
not be maximally violated by qubits, e.g. the famous
I3322 inequality. Since this inequality is believed to
be maximally violated only by infinite-dimensional sys-
tems [PV10], we conjecture that the maximal viola-
tion requires a commutation structure unachievable in
any finite dimension. Clearly, this approach can be re-
versed and by finding commutation structures which can-
not be realised in finite dimensions, one can hope to
construct Bell inequalities whose maximal violation re-
quires infinite dimensions. Another direction is to gen-
4 It is clear that Υ can be placed in any of the three observables,
but this will not lead to a symmetric statement.
eralise this approach to measurements with more out-
comes. For instance the Heisenberg-Weyl observables
in dimension d satisfy the “twisted” commutation rela-
tion ZdXd = ωXdZd, where ω = exp(2pii/d) and it
is known that for d = 3 the corresponding measure-
ments (which are easily seen to be mutually unbiased)
achieve the maximal violation of a certain Bell inequal-
ity [BM05, JLL+08, LLD09]. Does the maximal viola-
tion certify precisely this commutation structure? What
about similar inequalities tailored for higher-dimensional
systems? Another choice of incompatible qudit mea-
surements are the Collins-Gisin-Linden-Massar-Popescu
(CGLMP) measurements and these violate maximally
several inequalities [CGL+02, dV15, SAT+17]. What is
the commutation structure realised by the CGLMP mea-
surements? Is it certified by the maximal violation of
these inequalities?
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Appendix A: The biased CHSH inequality
In this Appendix we analyse the family of biased CHSH
inequalities parametrised by α ∈ [1,∞). The actual
CHSH inequality corresponds to setting α = 1.
Let Aj and Bk be binary observables, i.e. Hermitian
operators satisfying −1 ≤ Aj , Bk ≤ 1, and let us for
now assume that they act on a finite dimensional Hilbert
space. We define the Bell operator Wα as
Wα := α(A0 +A1)⊗B0 + (A0 −A1)⊗B1.
Proposition A.1. The square of the Bell operator sat-
isfies
W 2α ≤ 2(α2 + 1) · 1⊗ 1 + Tα ⊗ 1
for
Tα := (α
2 − 1){A0, A1}+ 2α|[A0, A1]|.
Proof. Multiplying the terms out gives
W 2α = α
2(A20 +A
2
1 + {A0, A1})⊗B20
+ (A20 +A
2
1 − {A0, A1})⊗B21
+ α(A20 −A21)⊗ {B0, B1} − α[A0, A1]⊗ [B0, B1].
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Using the fact that B2k ≤ 1 and regrouping terms we
obtain
W 2α ≤ A20 ⊗
[
(α2 + 1) · 1 + α{B0, B1}
]
+A21 ⊗
[
(α2 + 1) · 1− α{B0, B1}
]
+ (α2 − 1){A0, A1} ⊗ 1− α[A0, A1]⊗ [B0, B1].
Since −2 · 1 ≤ {B0, B1} ≤ 2 · 1, we have
(α2 + 1) · 1± α{B0, B1} ≥ 0,
so we can use A2j ≤ 1 to obtain
W 2α ≤ 2(α2 + 1) · 1⊗ 1 + (α2 − 1) · {A0, A1} ⊗ 1
− α[A0, A1]⊗ [B0, B1].
Upperbounding the commutators by their matrix moduli
leads to
W 2α ≤ 2(α2 + 1) · 1⊗ 1 + (α2 − 1) · {A0, A1} ⊗ 1
+ α|[A0, A1]| ⊗ |[B0, B1]|.
Using |[B0, B1]| ≤ 2 · 1 completes the proof.
In the next proposition we use the fact that for binary
observables A0, A1 we have
|{A0, A1}|2 + |[A0, A1]|2 ≤ 4 · 1, (A1)
where |X | :=
√
X†X. The inequality holds as an equal-
ity iff both observables are projective (see Section 2.2 of
Ref. [KW16] for an elementary proof).
Proposition A.2. The operator Tα satisfies
Tα ≤ 2(α2 + 1) · 1.
Proof. We first upperbound the anticommutator by its
matrix modulus
Tα ≤ (α2 − 1)|{A0, A1}|+ 2α|[A0, A1]|.
Rearranging inequality (A1) gives
|{A0, A1}|2 ≤ 4 · 1− |[A0, A1]|2.
Since the function f(t) =
√
t is operator monotone, we
have
|{A0, A1}| ≤
√
4 · 1− |[A0, A1]|2,
which immediately implies that
Tα ≤ (α2 − 1)
√
4 · 1− |[A0, A1]|2 + 2α|[A0, A1]|.
It is clear that the spectrum of the right-hand side is the
image of the spectrum of |[A0, A1]| under the function
g(λ) := (α2 − 1)
√
4− λ2 + 2αλ.
It is easy to check that the maximum value of g in the
interval [0, 2] equals 2(α2 + 1) and occurs only for λ =
4α/(α2 + 1).
Our goal now is to show that if we observe the max-
imal violation, then we can exactly characterise the ob-
servables. One of the technical tools used in the proofs
is the Hölder inequality, which states that for arbitrary
operators X,Y we have
| tr(XY )| ≤ ||X ||∞ · ||Y ||1,
where || · ||p denotes the Schatten p-norm. In our case the
operatorsX and Y are Hermitian, which allows us to drop
the absolute value on the left-hand side and, moreover,
Y is positive semidefinite, which allows us to replace the
1-norm with the trace, i.e. we obtain
tr(XY ) ≤ ||X ||∞ · trY.
It is easy to see that if the inequality holds as an equality
and Y is full-rank, then
X = ||X ||∞ · 1.
Proposition A.3. Suppose that tr(TαρA) = 2(α
2 + 1)
and ρA is full-rank. Then, there exists a unitary UA such
that
A0 = UA(σx ⊗ 1)U †A,
A1 = UA(cos θα σx + sin θα σy ⊗ 1)U †A
for θα := arccos
(
α2−1
α2+1
)
.
Proof. Since the Hölder inequality is tight and the re-
duced state is full-rank we immediately see that
Tα = 2(α
2 + 1) · 1.
This implies that all the steps used to prove the up-
per bound in Proposition A.2 are tight. In particu-
lar, the observables must be projective A2j = 1 and
the anticommutator is a positive semidefinite operator
{A0, A1} = |{A0, A1}|. Since
|[A0, A1]| = 4α
α2 + 1
· 1
and [A0, A1] is an anti-Hermitian operator, the spectral
decomposition reads
[A0, A1] =
4α · i
α2 + 1
(P+ − P−)
for some orthogonal projectors P+ and P− such that P++
P− = 1. Since
A0[A0, A1]A0 = −[A0, A1],
we conclude that A0P±A0 = P∓. If {|e0j〉}j is an or-
thonormal basis for the support of P+, then {|e1j〉}j for
|e1j〉 := A0|e0j〉 is an orthonormal basis for the support of
P−. Define the unitary U0 as
U0|ebj〉 = |b〉|j〉
for b ∈ {0, 1}. It is easy to verify that
U0[A0, A1]U
†
0 =
4α · i
α2 + 1
σz ⊗ 1.
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Since {1, σx, σy, σz} constitute an operator basis for lin-
ear operators acting on C2, we can without loss of gener-
ality write
U0A0U
†
0 = 1⊗K0 +σx ⊗Kx+ σy ⊗Ky+ σz ⊗Kz (A2)
for some Hermitian operators K0,Kx,Ky,Kz. It is easy
to check that for projective observables
{A0, [A0, A1]} = 0,
which implies that K0 = Kz = 0. Requiring that A20 = 1
implies that
K2x +K
2
y = 1 and [Kx,Ky] = 0. (A3)
Therefore,Kx andKy can be simultaneously diagonalised
and the eigenvalues can be written in terms of trigono-
metric functions, i.e.
Kx =
∑
j
cos γj |j〉〈j | and Ky =
∑
j
sin γj |j〉〈j |
(A4)
for some angles γj and some orthonormal basis {|j〉}.
This allows us to write
U0A0U
†
0 = σx ⊗Kx + σy ⊗Ky
=
∑
j
(cos γj σx + sin γj σy)⊗ |j〉〈j |.
Now we align all the qubit observables using the following
controlled unitary
U1 =
∑
j
exp
( iγj
2
· σz
)
⊗ |j〉〈j |. (A5)
It is easy to check that
U1U0A0U
†
0U
†
1 = σx ⊗ 1, (A6)
U1U0[A0, A1]U
†
0U
†
1 =
4α · i
α2 + 1
σz ⊗ 1.
An analogous reasoning applied to A1 leads to the con-
clusion that we can without loss of generality write
U1U0A1U
†
0U
†
1 = σx ⊗K ′x + σy ⊗K ′y.
Since the anticommutator is positive semidefinite and the
observables are projective, we know that
{A0, A1} = |{A0, A1}| =
√
4 · 1− |[A0, A1]|2
=
2(α2 − 1)
α2 + 1
· 1.
Define θα := arccos
(
α2−1
α2+1
) ∈ [0, pi/2]. Imposing consis-
tency on the anticommutator gives
K ′x = cos θα · 1.
On the other hand, requiring consistency on the commu-
tator implies that
K ′y = sin θα · 1.
Clearly, setting UA = U
†
0U
†
1 concludes the proof.
It is worth pointing out that while in the proof we
have (purposefully) avoided using Jordan’s lemma, one
can clearly see its emergence in eq. (A4). Since Kx and
Ky commute, we can find a common eigenbasis and these
eigenstates can be seen as labels for the distinct two-
dimensional subspaces.
Let us also mention that all these results easily gener-
alise to the case of infinite-dimensional systems. Suppose
that the subsystems of Alice and Bob are described by
separable Hilbert spaces. We first observe that the Her-
mitian operators K0,Kx,Ky,Kz appearing in eq. (A2)
must be bounded, because A0 is bounded. The existence
of a basis in which Kx and Ky are simultaneously diag-
onal used in eq. (A4) is replaced by the existence of a
joint spectral resolution. More specifically, according to
Theorem 1 in Section 6.5 of Ref. [BS87] the commutation
condition [Kx,Ky] = 0 implies the existence of a spectral
measure E on R2 such that
Kx =
∫
R2
u dE(u, v) and Ky =
∫
R2
v dE(u, v),
which immediately leads to
U0A0U
†
0 = σx ⊗Kx + σy ⊗Ky
=
∫
R2
(u σx + v σy)⊗ dE(u, v).
The condition K2x+K
2
y = 1 implies that the measure E is
supported only on the circle u2+v2 = 1, so we can find a
measurable function γ : R2 → [0, 2pi] such that for every
point (u, v) in the support of E we have u = cos γ(u, v)
and v = sin γ(u, v). The unitary U1 defined in eq. (A5)
is replaced with
U1 =
∫
R2
exp
(
iγ(u, v)
2
· σz
)
⊗ dE(u, v), (A7)
which immediately recovers eq. (A6):
U1U0A0U
†
0U
†
1 = σx ⊗
∫
R2
dE(u, v) = σx ⊗ 1.
The rest of the proof remains unchanged.
Proposition A.4. The trade-off between the Bell viola-
tion βα and the measure of incompatibility on Alice’s side
tα
βα ≤ 2
√
α2 + tα.
is tight for tα ∈ [0, 1].
Proof. The proof crucially relies on the fact that many of
the operator inequalities used in proving Proposition A.1
turn out to be tight for projective observables. Suppose
that Alice and Bob share a two-qubit state and perform
the measurements
A0 = σx, A1 = cos γ σx + sin γ σy ,
B0 = σx, B1 = σy
for γ ∈ [0, pi/2]. It is easy to check that
W 2α = 2
[
(α2+1)+(α2−1) cosγ] ·1⊗1+4α sin γ σz⊗σz.
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It is easy to see that the largest eigenvalue of W 2α equals
λγ := 2
[
(α2 + 1) + (α2 − 1) cosγ]+ 4α sin γ.
Since
(σz ⊗ 1)Wα(σz ⊗ 1) = −Wα,
the spectrum ofWα is symmetric and soWα must have an
eigenvalue of +
√
λγ . Choosing the corresponding eigen-
state leads to a realisation satisfying βα =
√
λγ . On the
other hand, it is easy to check that for these observables
Tα = 2
[
(α2 − 1) cos γ + 2α sin γ] · 1
and
tα =
α2 − 1
2
cos γ + α sin γ − α
2 − 1
2
.
Is it easy to verify that for this setup β2α = 4(α
2 + tα).
Taking γ ∈ [0, pi/2] covers the specified range of tα.
Appendix B: The
Mermin-Ardehali-Belinskii-Klyshko family
Recall that we denote the observables of the k-th party
by Ak0 and A
k
1 . For n ≥ 2 the Bell operatorWn is defined
recursively as
Wn :=
1
2
(
Wn−1+W
′
n−1
)⊗An0 + 12
(
Wn−1−W ′n−1
)⊗An1 ,
whereW1 = A10 and the primed operators are obtained by
a local exchange of observables at every party, i.e. Aj0 ↔
Aj1 for all j.
Proposition B.1. Let Son (Sen) be the set of n-bit strings of odd (even) parity. For all n ≥ 1 the following operator
inequalities hold:
∣∣[Wn,W ′n]∣∣ ≤ 2 ∑
x∈Son
n⊗
j=1
( |[Aj0, Aj1]|
2
)xj
and W 2n ≤ Rn,W ′2n ≤ Rn for
Rn :=
∑
x∈Sen
n⊗
j=1
( |[Aj0, Aj1]|
2
)xj
.
Proof. Proof by induction. It is clear that both inequalities hold for n = 1, so we only need to show that if the
inequalities hold for n, then they also hold for n+ 1.
Expanding the commutator [Wn+1,W ′n+1] gives
[Wn+1,W
′
n+1] =
1
2
(
W 2n +W
′2
n
)⊗ [An+10 , An+11 ]+ 12[Wn,W ′n]⊗
(
(An+10 )
2 + (An+11 )
2
)
.
The matrix modulus of the commutator can be upperbounded by∣∣[Wn+1,W ′n+1]∣∣ ≤ 12
(
W 2n +W
′2
n
)⊗ ∣∣[An+10 , An+11 ]∣∣+ ∣∣[Wn,W ′n]∣∣⊗ 1
≤ Rn ⊗
∣∣[An+10 , An+11 ]∣∣ + ∣∣[Wn,W ′n]∣∣⊗ 1,
which completes the proof of the first inequality.
Since Rn is invariant under the exchange of observables, it suffices to prove that W 2n+1 ≤ Rn+1. Expanding W 2n+1
gives
W 2n+1 =
1
4
(
Wn +W
′
n
)2 ⊗ (An+10 )2 + 14
(
Wn −W ′n
)2 ⊗ (An+11 )2
+
1
4
(
W 2n −W ′2n
)⊗ {An+10 , An+11 } − 14[Wn,W ′n]⊗ [An+10 , An+11 ].
We upperbound the first two terms using (An+10 )
2, (An+11 )
2 ≤ 1 to obtain
1
4
(
Wn +W
′
n
)2 ⊗ (An+10 )2 + 14(Wn −W ′n)2 ⊗ (An+11 )2 ≤ 12(W 2n +W ′2n )⊗ 1.
Adding the third term and applying W 2n ,W
′2
n ≤ Rn gives
1
2
(
W 2n +W
′2
n
)⊗ 1 + 1
4
(
W 2n −W ′2n
)⊗ {An+10 , An+11 }
=
1
4
W 2n ⊗
(
2 · 1 + {An+10 , An+11 }
)
+
1
4
W ′2n ⊗
(
2 · 1− {An+10 , An+11 }
)
≤ 1
4
Rn ⊗
(
2 · 1 + {An+10 , An+11 }
)
+
1
4
Rn ⊗
(
2 · 1− {An+10 , An+11 }
)
= Rn ⊗ 1.
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For the last term we use
−1
4
[Wn,W
′
n]⊗ [An+10 , An+11 ] ≤
1
4
|[Wn,W ′n]| ⊗ |[An+10 , An+11 ]|.
Combining all the terms we obtain
W 2n+1 ≤ Rn ⊗ 1 +
1
4
|[Wn,W ′n]| ⊗ |[An+10 , An+11 ]|,
which completes the proof of the second inequality.
Proposition B.2. The trade-off between the Bell viola-
tion βn and the measure of incompatibility for the k-th
party tk
βn ≤
√
2n−2 · √1 + tk
is tight for tk ∈ [0, 1].
Proof. The proof relies on the fact that for projective ob-
servables W 2n admits a particularly simple form [64]
W 2n =
∑
x∈Sen
n⊗
j=1
(
i[Aj0, A
j
1]
2
)xj
.
Consider the qubit observables
Aj0 = σx,
Aj1 =
{
cos γ σx + sin γ σy if j = k,
σy otherwise
for γ ∈ [0, pi/2]. It is easy to see that the largest eigen-
value of W 2n equals
λγ = 2
n−2(1 + sin γ)
and corresponds to the subspace spanned by |0〉⊗n and
|1〉⊗n. Since the spectrum of Wn is symmetric, it must
have an eigenvalue of +
√
λγ . It is easy to check that
tk = sin γ and so choosing γ ∈ [0, pi/2] saturates the
trade-off in the desired range.
Appendix C: Three anticommuting observables
Proposition C.1. Let A0, A1, A2 be three binary observ-
ables and a let ρA be a full-rank state such that
tr
(|[Aj , Ak]|ρA) = 2 (C1)
for all j 6= k. Then, there exists a unitary UA such that
A0 = UA(σx ⊗ 1)U †A,
A1 = UA(σy ⊗ 1)U †A,
A2 = UA(σz ⊗Υ)U †A,
where Υ is a Hermitian projective observable, i.e. Υ = Υ†
and Υ2 = 1.
Proof. Applying Proposition A.3 for α = 1 to the pair
A0, A1 yields a unitary UA such that
A0 = UA(σx ⊗ 1)U †A,
A1 = UA(σy ⊗ 1)U †A.
Hence, we only need to ensure the correct form of A2.
Since {1, σx, σy, σz} constitute an operator basis for lin-
ear operators acting on C2, we can without loss of gener-
ality write
U †AA2UA = 1⊗K0 + σx ⊗Kx + σy ⊗Ky + σz ⊗Kz
for some Hermitian operators K0,Kx,Ky,Kz. We have
shown before that if the commutator is maximal and the
state is full-rank, then we must have |[Aj , Ak]| = 2 ·1 and
therefore {Aj, Ak} = 0. On the other hand, computing
the anticommutator directly gives
U †A{A0, A2}UA = σx ⊗K0 + 1⊗Kx,
which immediately implies that K0 = Kx = 0. An anal-
ogous argument applied to A1 and A2 gives Ky = 0.
Therefore, we are left with
U †AA2UA = σz ⊗Kz.
Since the commutator being maximal implies that A2 is
projective, we have K2z = 1, which completes the proof.
It is easy to see that this argument can be applied re-
cursively to derive the exact form for an arbitrary num-
ber of observables. Let A0, A1, . . . , An−1 be n observables
such that for j 6= k
tr
(|[Aj , Ak]|ρA) = 2,
where ρA is full-rank. If n is even, then there exists a
unitary UA such that
U †AAjUA =
{
σ
⊗⌊j/2⌋
z ⊗ σx ⊗ 1 for even j,
σ
⊗⌊j/2⌋
z ⊗ σy ⊗ 1 for odd j,
where the last identity operator acts on all the remaining
registers. Clearly, we have recovered the well-known con-
struction of n anticommuting observables on n/2 qubits.
If n is odd, the first n − 1 observables take the same
form as before, while the last one is given by
U †AAnUA = σ
⊗(n−1)/2
z ⊗Υ,
where Υ is an arbitrary projective observable. Hence,
the ambiguity related to the free projective observable Υ
appears only for odd values of n.
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